Abstract. We describe a canonical L∞ structure on the total complex of a semicosimplicial differential graded Lie algebra and give an explicit descriprion of the Maurer-Cartan elements and of the associated deformation functor in the particular case of semicosimplicial Lie algebras. We use these results to investigate the deformation functor associated to a sheaf of Lie algebras L and to show that it is naturally isomorphic to the deformation functor associated to the DGLA of global sections of a resolution of L by an acyclic sheaf of DGLAs. As classical examples we recover the DGLA description of infinitesimal deformations of a complex manifold X, of a locally free sheaf E of OX -modules, and of the pair (E , X).
Introduction
The classical approach to deformation theory in several cases identifies a sheaf of Lie algebras L on a topological space X, which controls deformations via theČech functor H 1 (X; exp L), i.e, the functor of Artin rings mapping a local Artin algebra A to the firsť Cech cohomology space of X with coeffcients in the nonabelian group exp(L ⊗ m A ). A fundamental and well known example is the Kodaira-Spencer description of deformations of a complex manifold X in terms of H 1 (X; exp T X ), where T X is the holomorphic tangent sheaf of X.
Since about thirty years ago an other approach to deformation problems has been developed. The philosophy underlying this approach, originating in the works of Quillen, Deligne, Drinfeld and Kontsevich, is that, in characteristic zero, every deformation problem is governed by a differential graded Lie algebra, via the deformation functor associated to it, given by the solutions of Maurer-Cartan equation modulo gauge action. For example it is well known that deformations of a complex manifold X are governed by the Kodaira-Spencer DGLA A 0,• X (T X ) of the (0, •)-forms on X with values in the holomorphic tangent sheaf of X.
These two approches to deformation problems suggest that there should exists a canonical isomorphism between theČech functor of the sheaf of Lie algebras identified by the problem and the deformation functor associated to the DGLA that governs it. It is indeed so, namely: 
is a natural isomorphism of deformation functors
Versions of the above statement are ubiquous in deformation theory literature; for instance, it can be found in [HiS97a, HiS97b] , where it is expressed in terms of Lie algebra homology.
In this paper, we derive this result as a byproduct of the construction of a canonical L ∞ -structure on the total complex of a semicosimplicial differential graded Lie algebra.
In the first part of the paper, following [FiM07] we show how the total complex of a semicosimplicial DGLA g ∆ can be canonically endowed with a structure of L ∞ -algebra obtained by homotopy transfer from the Thom-Whitney DGLA of g ∆ . Then we define three functors of Artin rings associated to a semicosimplicial DGLA g ∆ : the functor H 1 sc (exp g ∆ ) = Z 1 sc (exp g ∆ )/ ∼, which is a version of theČech cohomology functor, and the two isomorphic deformation functors Def g Tot(g ∆ ) and Def Tot T W (g ∆ ), the first associated to the L ∞ -structure on the total complex of g ∆ and the second to the ThomWhitney DGLA of g ∆ . We prove the general result:
Theorem. Let g ∆ be a semicosimplicial Lie algebra. Then we have .
In the geometric situation, when L is a sheaf of Lie algebras on a paracompact topological space X, and U is an open covering of X, it is naturally defined theČech semicosimplicial Lie algebra L(U)
and the proposition above translates into a natural isomorphism of deformation functors associated to the sheaf L
To conclude, we introduce augmented semicosimplicial DGLAs and use them to describe a natural isomorphism between the functor Def [L] and the functor Def F , associated to the DGLA of global sections of an acyclic resolution F of the sheaf L.
We work over the field C of complex numbers. Most results hold for an arbitrary characteristic zero field K.
Semicosimplicial DGLAs
A semicosimplicial differential graded Lie algebra is a covariant functor ∆ mon → DGLA, from the category ∆ mon , whose objects are finite ordinal sets and whose morphisms are order-preserving injective maps between them, to the category of DGLAs. Equivalently, a semicosimplicial DGLA g ∆ is a diagram
where each g i is a DGLA, and for each i > 0 there are i + 1 morphisms of DGLAs
The maps
endow the vector space i g i with the structure of a differential complex. Moreover, being a DGLA, each g i is in particular a differential complex
and since the maps ∂ k,i are morphisms of DGLAs, the space
has a natural bicomplex structure. The associated total complex is denoted by (Tot(g ∆ ), d Tot ); it has no natural DGLA structure. Yet, it can be endowed with a canonical L ∞ -algebra structure by homotopy transfer from the homotopy equivalent Thom-Whitney DGLA Tot T W (g ∆ ).
For every n ≥ 0, denote by Ω n the differential graded commutative algebra of polynomial differential forms on the standard n-simplex ∆ n :
Denote by Ω i n the degree i component of Ω n and by δ k,n : Ω n → Ω n−1 , k = 0, . . . , n, the face maps; then we have natural morphisms of bigraded DGLAs
The Thom-Whitney bicomplex is defined as
Its total complex is a DGLA, called the Thom-Whitney DGLA, and it is denoted by Tot T W (g ∆ ); we denote by d T W the differential of the Thom-Whitney DGLA. It is a remarkable fact, first noted by Whitney [Whi57] , that the integration maps
give a quasi-isomorphism of differential complexes
Moreover, Dupont has described [Dup76, Dup78] (see also [Get04, NaA87] ) an explicit morphism of differential complexes
and an explicit homotopy
The morphism of complexes E : Tot(g ∆ ) → Tot T W (g ∆ ) is defined in the following way.
where I(i, n) is the set of all multiindices I = (a 0 , a 1 , . . . , a i ) ∈ Z i+1 , such that 0 ≤ a 0 < a 1 < . . . a i ≤ n and, if I ∈ I(i, n), I is the complementary multiindex. If I = (a 0 , a 1 , . . . , a i ) ∈ I(i, n), we indicate with ω I the differential form:
is the complementary multiindex of I, and γ ∈ g j i , we indicate with ∂ I γ the element
where I(r, n) and ω I are as before, and, if I = (a 0 , . . . , a r ) ∈ I(r, n), then the map h I is given by the composition
n are the compositions of the integration over the first factor
and the pull-back by the dilation maps:
More explicitly, the map h a : Ω * n → Ω * −1 n is given by:
We refer to the papers [Get04, NaA87] for the proof of the identities IE = Id Tot(g ∆ ) and
Here we point out that E and h are defined in terms of integration over standard simplexes and multiplication with canonical differential forms: in particular the construction of Tot T W (g ∆ ), Tot(g ∆ ), I, E and h is functorial in the category DGLA ∆mon of semicosimplicial DGLAs.
Homotopy transfer of L ∞ structures
The total complex Tot(g ∆ ) has no natural DGLA structure. Yet, it can be endowed with a canonical L ∞ -algebra structure by homotopy transfer from the naturally homotopy equivalent Thom-Whitney DGLA Tot T W (g ∆ ). This gives a commutative diagram of functors DGLA
The commutativity of the upper left triangle immediately follows from noticing that, if
is the image of the DGLA g through the natural embedding DGLA → DGLA ∆mon , there is a natural identification of DGLAs g ≃ Tot T W (g) and an identification of differential complexes Tot T W (g) = Tot(g). The upper horizontal arrow is the canonical L ∞ -algebra structure on a DGLA g; namely the DGLA (g,
Moreover, the functor Tot : DGLA ∆mon → L ∞ maps morphisms of semicosimplicial DGLAs to linear morphisms of L ∞ -algebras. Let us brefly recall this construction. A major result in the theory of L ∞ -algebras is the following homotopical transfer of structure theorem [Fuk01, HuK91, Kad82, KoS99, KoS01].
If there exist two morphisms of differential complexes
and
such that the composition EI is homotopic to the identity, then there exist an L ∞ -algebra structure (C,q 1 ,q 2 , . . . ) on C extending its differential complex structure and an
It has been remarked by Kontsevich and Soibelman in [KoS01] (see also [Fuk01] ) that the L ∞ -morphism E ∞ and the bracketsq n can be explicitly written as summations over rooted trees. Let
, and denote by T h,n be the groupoid whose objects are directed rooted trees with internal vertices of valence at least two and exactly n tail edges; trees in T h,n are decorated as follows: each tail edge of a tree in T h,n is decorated by the operator E, each internal edge is decorated by the operator h and also the root edge is decorated by the operator h; every internal vertex v carries the operation q r , where r is the number of edges having v as endpoint. Isomorphisms between objects in T h,n are isomorphisms of the underlying trees. Denote the set of isomorphism classes of objects of T h,n by the symbol T h,n . Similarly, let T I,n be the groupoid whose objects are directed rooted trees with the same decoration as T h,n except for the root edge, which is decorated by the operator I instead of h. The set of isomorphism classes of objects of T I,n is denoted T I,n . Via the usual operadic rules, each decorated tree Γ ∈ T h,n gives a linear map
similarly, each decorated tree Γ ∈ T I,n gives rise to a degree one multilinear operator on
Having introduced these notations, we can write Kontsevich-Soibelman's formulas as follows.
Proposition 2.2. In the above set-up the bracketsq n , and the L ∞ morphism E ∞ can be expressed as sums over decorated rooted trees via the formulas
Note that in our case (V, q 1 , q 2 , q 3 , . . .
, 0, 0, . . . ) and so the trees involved in the Kontsevich-Soibelman formulas for the bracketsq n on Tot(g ∆ ) are trivalent, with each vertex decorated by the Lie bracket.
Remark 2.3. The natural inclusion of graded vector spaces g 0 ֒→ Tot(g ∆ ) is not a morphism of L ∞ -algebras, since it fails to be even a morphism of differential complexes. However, it is interesting to notice that the inclusion g 0 ֒→ Tot(g ∆ ) is compatible with the n-brackets for n ≥ 2. Indeed, for n = 2 the formula for the second bracketq 2 on
and so the explicit expression for the second bracket iŝ
Since ω I ∧ ω J ∈ Ω 0 n , we get
For n ≥ 3, the trees involved in the explicit formula for the bracketq n all contain the subgraph •
We note that hq 2 (E ⊙ E)
, and h : C 0,j T W → 0. Then all rooted trees involved in the formula forq n for n ≥ 3 give zero contribution, and sô
Three deformation functors
In this section we define three functors of Artin rings canonically associated to a semicosimplicial Lie algebra.
Definition 3.1. Let
We introduce the equivalence relation '∼' on Z 1 sc (exp(g ∆ ⊗ m A )) by setting x ∼ y if and only if there exists l ∈ g 0 ⊗ m A such that e −∂ 1,1 (l) e x e ∂ 0,1 (l) = e y . The functor
It will be convenient to rewrite the above definition of Z 1 sc (exp g ∆ ) and of the equivalence relation '∼' in terms of the Baker-Campbell-Hausdorff product e x•y = e x e y . We have
Example 3.2. Let L be a sheaf of Lie algebras on a topological space X, U an open covering of X and L(U) the associatedČech semicosimplicial Lie algebra:
the firstČech cohomology space for the covering U with coefficients in the sheaf of groups exp(L ⊗ m A ). Taking the direct limit over the open coverings of X, we find
In section 2 we explained how to construct two naturally quasi-isomorphic L ∞ -algebras starting from a semicosimplicial DGLA g ∆ , namely, the Thom-Withney DGLA Tot T W (g ∆ ) and the L ∞ -algebra Tot(g ∆ ). We recall that to an L ∞ -algebra it is canonically associated a deformation functor; moreover, for a DGLA this functor coincides with the usual deformation functor associated to a differential graded Lie algebra, namely, solutions of the Maurer-Cartan equation modulo gauge equivalence (see for instance [Fuk01, Kon03] ) Definition 3.3. Let (V, q 1 , q 2 , q 3 , . . . ) be an L ∞ -algebra, the deformation functor Def V : Art C → Set is given by:
where the Maurer-Cartan functor is A quasi-isomorphism of L ∞ -algebras induces an isomorphism of the corresponding deformation functors. Thus to a semicosimplicial DGLA g ∆ are naturally associated the two canonically isomorphic deformation functors Def g
is a morphism of semicosimplicial DGLAs, and so it induces a linear morphism of L ∞ -algebras Tot(g 
, for m 1 ≤ 1 and 2 ≤ r 2 ≤ m 2 , and
) is the identity on degree one and degree two elements. Thus MC g
. The same argument says that MC g
, thus the homotopy relation between elements in MC g
is the same as the homotopy relation between elements in MC g
.
A lemma on Maurer-Cartan elements
In the next section we will show that there is a natural isomorphism of functors of Artin rings
, for any semicosimplicial Lie algebra g ∆ . To derive this isomorphism we will need an explicit description of the solutions of the Maurer-Cartan equation in the DGLA Tot T W (g ∆ [0,2] ). To this aim, we first fix notations for the Thom-Withney DGLA Tot T W (g ∆ [0,2] ). We have two maps ∂ 0,1 , ∂ 1,1 : g 0 → g 1 and three maps ∂ 0,2 , ∂ 1,2 , ∂ 2,2 : g 1 → g 2 ; these morphisms satisfy
Under the identifications Ω 1 ≃ K[t, dt] via (t 0 , t 1 ) ↔ (t, 1−t), and Ω 2 ≃ K[s 0 , s 1 , ds 0 , ds 1 ] via (t 0 , t 1 , t 2 ) ↔ (s 0 , s 1 , 1 − s 0 − s 1 ), the face maps read
is then the subalgebra of g 0 ⊕(g 1 ⊗Ω 1 )⊕(g 2 ⊗ Ω 2 ) consisting of elements (l, m(t, dt), n(s 0 , s 1 , ds 0 , ds 1 )) satisfying the face conditions
Next, we recall [FiM07, Proposition 7.2].
is an isomorphism of graded vector spaces. Then, for every A ∈ Art there exists a bijection
Corollary 5.2. Let g be a DGLA concentrated in nonnegative degrees, and ξ 0 a point in the n-simplex ∆ n . Then every Maurer-Cartan element in g ⊗ Ω n is of the form e p * x, for a unique polynomial p(ξ) ∈ g 0 ⊗ Ω 0 n with p(ξ 0 ) = 0 and a unique Maurer-Cartan element x for g. In particular, if g is a Lie algebra, then every Maurer-Cartan element in g ⊗ Ω n is of the form e p * 0, for a unique polynomial p(ξ) ∈ g 0 ⊗ Ω 0 n with p(ξ 0 ) = 0. Proof. The evaluation at ξ 0 is a quasiisomorphism of differential complexes ev ξ 0 : g ⊗ Ω n → g. Let H = ker(ev ξ 0 ), and let H = C ⊕ ker d H be a graded vector spaces decomposition of H; since H is an acyclic complex, dC = ker d H . Then we have a decomposition g ⊗ Ω n = g ⊕ C ⊕ dC as in Lemma 5.1.
Corollary 5.3. Let g ∆ be a semicosimplicial Lie algebra, and let 
, by Lemma 5.2, the solutions of the Maurer-Cartan equation on Tot T W (g ∆ [0,2] ) have the form (0, e p(t) * 0, e q(s 0 ,s 1 ) * 0)) with uniquely determined polynomials p ∈ g 1 [t] and q ∈ g 2 [s 0 , s 1 ]. The statement then follows by the face conditions and uniqueness.
The isomorphism H
Now we will construct two natural transformations between the two functors of Artin rings Def Tot T W (g
and H 1 sc (exp g ∆ ) and we will prove that are inverse to each other. As an immediate corollary, one obtains a natural isomorphism
Proposition 6.1. Let g ∆ be a semicosimplicial Lie algebra. The map Φ : MC Tot T W (g
) induces a natural transformation of functors of Artin rings MC
Proof. The polynomial q(s 0 , s 1 ) • (−q(s 0 , 0)) • (−q(0, s 1 )) vanishes on the lines s 0 = 0 and s 1 = 0, so it is divisible by s 0 s 1 . Let
Then e q(t,1−t) = e t(1−t) ρ(t,1−t) e q(0,1−t) e q(t,0) , that is e ∂ 2,2 p(t)•∂ 0,2 p(1) = e t(1−t) ρ(t,1−t) · e ∂ 0,2 p(1−t) e ∂ 1,2 p(t) . Evaluating at t = 1 we find
natural transformation of functors of Artin rings Def
Proof. We have to show that if two elements x = (0, e p 0 (t) * 0, e q 0 (s 0 ,s 1 ) * 0) and
with H 0 (0) = H 1 (t; 0) = H 2 (s 0 , s 1 ; 0) = 0. The face conditions for z(ξ, dξ) and uniqueness give us H 1 (0; ξ) = ∂ 0,1 (H 0 (ξ)); H 1 (1; ξ) = ∂ 1,1 (H 0 (ξ)). Moreover z(1) = y so, by uniqueness again, we have p 1 (t) = H 1 (t; 1)•p 0 (t)•(−H 1 (0; 1)), and so, evaluating at t = 1, the face conditions give
Hence the thesis, with λ = −H 0 (1).
Proof. The only nontrivial identity is the last one, which uses the fact that x is an element of Z 1 sc (exp(g ∆ ⊗ m A )). Proposition 6.4. The map Ψ :
induces a morphism between the functors of Artin rings
Proof. The element Ψ(x) clearly satisfies the Maurer-Cartan equation and the face conditions.
Proposition 6.5. The morphism Ψ :
induces a natural
Proof. We have to show that if two elements x and y in Z 1 sc (exp(g ∆ ⊗m A )) are equivalent, i.e., there exists λ ∈ g 0 ⊗ m A such that y = (−∂ 1,1 (λ)) • x • ∂ 0,1 (λ), then Ψ(x) and Ψ(y) are homotopy equivalent. Let x(ξ) = (−∂ 1,1 (ξλ)) • x • ∂ 0,1 (ξλ); then, x(ξ) ∼ x, and so
The element z(ξ, dξ) obviously satisfies the Maurer-Cartan equation in MC Tot T W (g
[ξ, dξ]; moreover, it satisfies the face conditions as a a consequence of the identities ∂ 0,2 ∂ 0,1 = ∂ 1,2 ∂ 0,1 and ∂ 0,2 ∂ 1,1 = ∂ 2,2 ∂ 0,1 . Moreover the element z(ξ, dξ) gives a homotopy between Ψ(x) and Ψ(y), since x(0) = x and x(1) = y.
We now show that the natural transformations Φ and Ψ induce isomorphisms at the level of deformation functors. First, we need the following simple lemma.
Proof. The element (0, e p(t) * 0, e ξq 1 (s 0 ,s 1 )+(1−ξ)q 0 (s 0 ,s 1 ) * 0) is a Maurer-Cartan element satisfying the face conditions and providing the desired homotopy.
Proposition 6.7. The two natural transformations Φ : Def Tot T W (g
, are inverse to each other. In particular, H 1 sc (exp g ∆ ) is a deformation functor.
Proof. The composition Φ • Ψ is clearly the identity, even at the Maurer-Cartan level. Now we prove that the composition
is homotopic to the identity, i.e. that
Let p(t; ξ) be the convex combination p(t; ξ) = ξtp(1) + (1 − ξ)p(t). Since p(0; ξ) = 0 and ,2 p(t; ξ) ) vanishes at t = 0 and at t = 1. Let σ(t; ξ) be the polynomial
and let S(s 0 , s 1 ; ξ) = s 1 σ(s 0 ; ξ) • ∂ 1,2 p(s 0 ; ξ) • ∂ 0,2 p(s 1 ; ξ). Then we have S(0, t; ξ) = ∂ 0,2 p(t; ξ), S(t, 0; ξ) = ∂ 1,2 p(t; ξ), and S(t, 1−t; ξ) = ∂ 2,2 p(t; ξ)• ∂ 0,2 p(1). Let q 0 (s 0 , s 1 ) = S(s 0 , s 1 ; 0) and q 1 (s 0 , s 1 ) = S(s 0 , s 1 ; 1). Then the element z(ξ, dξ) = (0, e p(t;ξ) * 0, e S(s 0 ,s 1 ;ξ) * 0).
, and provides a homotopy (0, e p(t) * 0, e q 0 (s 0 ,s 1 ) * 0) ∼ (0, e tp(1) * 0, e q 1 (s 0 ,s 1 ) * 0).
Since, by Lemma 6.6 we have homotopies (0, e p(t) * 0, e q(s 0 ,s 1 ) * 0) ∼ (0, e p(t) * 0, e q 0 (s 0 ,s 1 ) * 0) and (0, e tp(1) * 0, e q 1 (s 0 ,s 1 ) * 0) ∼ (0, e tp(1) * 0, e R(p(1);s 0 ,s 1 ) * 0), the two Maurer-Cartan elements (0, e p(t) * 0, e q(s 0 ,s 1 ) * 0) and (0, e tp(1) * 0, e R(p(1);s 0 ,s 1 ) * 0) are homotopy equivalent.
Theorem 6.8. Let g ∆ be a semicosimplicial Lie algebra. Then we have a natural isomorphism of deformation functors
Proof. By Propositions 4.1 and 6.7, we have
where
is the quasiisomorphism of L ∞ -algebras defined by homotopy transfer.
Corollary 6.9. For any local artinian C-algebra A, we have
Proof. By definition of Z 1 sc and of H 1 sc we have 
and (Tot(g
. Moreover, by Proposition 4.1, we have MC g
. To conclude, we prove that the composition Φ • E ∞ is the identity on elements in MC g
, by definition, Φ reads only the (Ω 1 ⊗g 1 )-component of E ∞ (x). We have E 1 (x) = E(x) = (t 0 dt 1 − t 1 dt 0 )x, which, under the isomorphism Ω 1 ≃ C[t, dt] reads E 1 (x) = −x dt. If n ≥ 2, the formulas for E n (x ⊙n ) involve the operation q 2 (E ⊙ E) on g 1 ⊙ g 1 . Since we have: . In particular, the direct limit
is well defined and we have natural isomorphism of functors of Artin rings 
Moreover, if acyclic open coverings for L are cofinal in the directed family of all open coverings of X,
The horizontal arrows are isomorphisms, and the rightmost vertical arrow is independent of the refinement function τ , see, e.g., [Hir78] . Hence, also the leftomst morphism Def g
is independent of τ . In particular, the direct limit
is well defined and we have a natural isomorphism Def 
) is a quasi-isomorphism by Leray's theorem. Therefore, we have a commutative diagram of natural isomorphisms
and, taking the direct limit over L-acyclic coverings, we obtain that, if U is an L-acyclic open covering of X, then
Augmentations
Let ∆ + mon the category obtained by adding the empty set ∅ to the category ∆ mon . An augmented semicosimplicial differential graded Lie algebra is a covariant functor ∆ + mon → DGLA, from the category ∆ + mon to the category of DGLAs. Equivalently, an augmented semicosimplicial DGLA g ∆ + is a diagram
is a semicosimplicial DGLA and
Proof. We have to prove that
For n = 1, we have
where we have used the condition ∂ 0,1 ∂ 0,0 = ∂ 1,1 ∂ 0,0 and the fact that ∂ 0,0 : g −1 → g 0 is a DGLA morphism. For n ≥ 2, we notice that, ∂ 0,0 (x) ∈ g 0 for any x in g −1 . Therefore, by Remark 2.3 we havê
since ∂ 0,0 : g −1 → g 0 is a DGLA morphism, and so a linear L ∞ -morphism.
We now use augmentations of semicosimplicial DGLAs to prove the main result of the paper. We say that a morphism ϕ : C → F of sheaves of DGLAs is a quasi-isomorphism if it is a quasi-isomorphis of sheaves of differential complexes, i.e., if it induces linear isomorphisms between the cohomology sheaves,
If moreover F k is an acyclic sheaf for any k, we say that ϕ is an acyclic resolution of C. Then we have Proof. The natural inclusion F → F(U) gives an augmented semicosimplicial DGLA, and so it induces a morphism F → Tot(F(U)), of L ∞ -algebras, by Proposition 7.1. Since the sheaves F k are acyclic and U-acyclic, and F k = H 0 (X; F k ), the L ∞ -morphism F → Tot(F(U)) is a quasiisomorphism. Indeed, we have a natural identification H * (Tot(F(U))) = H * (X; F), and the spectral sequence abutting to the hypercoomology of X with coefficients in F degenerates at E 2 , giving Since the open covering U is C-acyclic, the cohomology of the total complex Tot(C(U)) is naturally identified with the hypercohomology of X with coefficients in C, , recovering the well known statement that the infinitesimal deformations of X are governed by the Kodaira-Spencer DGLA A 0,• X (T X ). Example 7.6. Let X be a complex manifold, E be a locally free sheaf of O X -modules and End(E) and D 1 (E) are the sheaves of endomorphisms of E and of first order differential operators on E with scalar principal symbol, both with their canonical Lie algebra structure. Then we recover the natural isomorphisms
